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ABSTRACT 

The binary quadratic Diophantine equation represented by 412 22  xy  is analyzed for its non-zero distinct 

integer solutions.  Employing the lemma of Brahmagupta, infinitely many integral solutions of the above Pell 

equation are obtained.  The recurrence relations on the solutions are also presented.  A few interesting relations 

between the solutions and special number patterns namely, Polygonal numbers are also given. Further, employing 

the solutions of the above equation, we have obtained solutions of other choices of hyperbolas and parabolas. 
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I. INTRODUCTION 
 

It is well known that the Pell equation 𝑥2 − 𝐷𝑦2 = ±1(𝐷 > 0 and square free) has always positive integer 

solutions.[1-3]  When 𝑁 ≠ 1, the pell equation𝑥2 − 𝐷𝑦2 = 𝑁 may not have any positive integer solutions.  For 

example the equations 𝑥2 = 3𝑦2 − 1  and 𝑥2 = 7𝑦2 − 4 have no positive integer solutions.  When K is a positive 

integer and 𝐷 ∈ {𝐾2 ± 4,𝐾2 ± 1}, positive integer solutions of the equation 𝑥2 − 𝐷𝑦2 = ±4 and 𝑥2 − 𝐷𝑦2 =
±1have been investigated by Jones in [4].   For an extensive review of various problems, one may refer[5-15]. In 

this communication, yet another interesting equation given by
412 22  xy

is considered and infinitely many 

integer solutions are obtained. The recurrence relations on the solutions are also given.  A few interesting relations 

between the solutions and special numbers are presented. 

 

II. NOTATIONS 
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 Pyramidal number of rank n with size m  

 

III. METHODS OF ANALYSIS 
 

The Diophantine equation to be solved for its non-zero distinct integral solution is,  

    
412 22  xy

     (1) 

The smallest positive integer solutions of (1) is,     

10 x
,

40 y 12D  

 

Now, consider the Pell equation is  

112 22  xy
                    (2) 
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Whose fundamental solution is 

2~
0 x

,
7~

0 y
, 

 

The other solution of (2) can be derived from the relations,      

nn gx
122

1~ 

, 
nn fy

2

1~ 
  

 

Where,  

11 )1227()1227(   nn

nf  
11 )1227()1227(   nn

ng ......2,1,0n
 

 

Applying Brahmagupta lemma between 
 00 , yx

 and 
 nn yx ~,~

 the other integer solution of (1) are given by, 

nnn gfx
12

2

2

1
1 

  

nnn gfy
12

6
21 

 

The recurrence relations satisfied by the solution x  and 
y

 are given by, 

014 123   nnn xxx
  

014 123   nnn yyy
, 

......2,1,0n
 

Some numerical examples of nx
and ny

 satisfying (1) are given in the Table 1 below, 

 
Table 1: Examples 

n nx
 ny

 

    0      1     4 

    1      15     52 

    2     209     724 

    3     2911     10084 

    4    40545     140452 

 

From the above table, we observe some interesting relations among the solutions which are presented below. 

 

nx
values are odd and ny

 values are even. 

Each of the following expression is a nasty number: 

 2222 3112   nn xy
 

 2232 1326   nn xx
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 2242 18128
7

3
  nn xx

 

 2232 457
7

12
  nn xy

 

 2242 62797
97

12
  nn xy

 

 3222 3137
7

12
  nn xy

 

 4222 318197
97

12
  nn xy

 

 3222158
2

3
  nn yy

 

 4222209112
28

3
  nn yy

 

3242 10867812   nn xx
 

3232 54015612   nn xy
 

 3242 627137
7

12
  nn xy

 

 4232 451817
7

12
  nn xy

 

4242 7524217212   nn xy
 

 4232 152098
2

3
  nn yy

 
 

Each of the following expressions is a cubical integer. 

113333 18662   nnnn xyxy
 

123343 39313   nnnn xxxx
 

 133353 5433181
14

1
  nnnn xxxx

 

 123343 2706902
7

1
  nnnn xyxy

 

 133353 3762612542
97

1
  nnnn xyxy

 

 214333 1878626
7

1
  nnnn xyxy

 

 315333 1810866362
97

1
  nnnn xyxy

 

 214333 34515
4

1
  nnnn yyyy
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 315333 3627209
56

1
  nnnn yyyy

 

234353 5433918113   nnnn xxxx
 

224343 270789026   nnnn xyxy
 

 234353 376278125426
7

1
  nnnn xyxy

 

 3253\43 270108690362
7

1
  nnnn xyxy

 

 3353\53 376210861254362   nnnn xyxy
 

 3253\43 4562715209
4

1
  nnnn yyyy

 
 

Each of the following expressions is a biquadratic integer. 

624862 22224444   nnnn xyxy
 

652413 22324454   nnnn xxxx
 

 847244181
14

1
22424464   nnnn xxxx

 

 423608902
7

1
22324454   nnnn xyxy

 

 5825016812542
97

1
22424464   nnnn xyxy

 

 4224104626
7

1
32225444   nnnn xyxy

 

 5822414486362
97

1
42226444   nnnn xyxy

 

 2446015
4

1
32225444   nnnn yyyy

 

 3364836209
56

1
42226444   nnnn yyyy

 

67245218113 32425464   nnnn xxxx
 

63601049026 32325454   nnnn xyxy
 

 425016104125426
7

1
42326454   nnnn xyxy

 

 42360144890362
7

1
42326454   nnnn xyxy

 

6501614481254362 42426464   nnnn xyxy
 

 246083615209
4

1
42326454   nnnn yyyy
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Each of the following expression is a quintic integer. 

1133335555 6020301062   nnnnnn xyxyxy
 

1233435565 1301065513   nnnnnn xxxxxx
 

 1333535575 1810109055181
14

1
  nnnnnn xxxxxx

 

 1233435565 9002045010902
7

1
  nnnnnn xyxyxy

 

 1333535575 125402062701012542
97

1
  nnnnnn xyxyxy

 

 2143336555 6026030130626
7

1
  nnnnnn xyxyxy

 

 3153337555 6036203018106362
97

1
  nnnnnn xyxyxy

 

 2143336555 1015057515
4

1
  nnnnnn yyyyyy

 

 3153337555 10209051045209
56

1
  nnnnnn yyyyyy

 

2343536575 18101309056518113   nnnnnn xxxxxx
 

2243436565 9002604501309026   nnnnnn xyxyxy
 

 2343536575 125402606270130125426
7

1
  nnnnnn xyxyxy

 

 3253437565 9003620450181090362
7

1
  nnnnnn xyxyxy

 

3353537575 125403620627018101254362   nnnnnn xyxyxy
 

 3253437565 150209075104515209
4

1
  nnnnnn yyyyyy

 
 

Relations among the solutions are given below. 

112 72   nnn xyx
 

113 9728   nnn xyx
 

112 247   nnn xyy
 

113 33697   nnn xyy
 

123 14   nnn xxx
 

122 72   nnn xxy
 

123 7972   nnn xxy
 

1324   nnn xxy
 

133 9728   nnn xxy
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123 24977   nnn xyy
 

213 9727   nnn xyx
 

212 247   nnn xyy
 

213 48   nnn xyy
 

312 24797   nnn xyy
 

313 33697   nnn xyy
 

123 14   nnn yyy
 

232 72   nnn xxy
 

233 72   nnn xxy
 

223 247   nnn xyy
 

323 247   nnn xyy
 

 

IV. REMARKABLE OBSERVATIONS 
 

Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of 

hyperbolas which are presented in table 2 below: 

 
Table 2: Hyperbola 

S.NO Hyperbola (X,Y) 

1 43 22  XY  
 1111 62,4   nnnn xyyx

 

2 1634 22  XY  
 1221 13,15   nnnn xxxx

 

3 313634 22  XY  
 1331 181,209   nnnn xxxx

 

4 1963 22  XY  
 1221 902,52   nnnn xyyx

 

5 376364 22  XY  
 1331 12542,724   nnnn xyyx

 

6 1963 22  XY  
 2112 626,154   nnnn xyyx

 

7 376363 22  XY  
 3113 6362,2094   nnnn xyyx

 

8 19243 22  XY  
 2112 15,13   nnnn yyyy

 

9 3763243 22  XY  
 3113 209,181   nnnn yyyy

 

10 1634 22  XY  
 2332 18113,15209   nnnn xxxx

 

11 43 22  XY  
 2222 9026,1552   nnnn xyyx

 

12 1963 22  XY  
 2332 125426,15724   nnnn xyyx

 

13 1963 22  XY  
 3223 90362,20952   nnnn xyyx

 

14 43 22  XY  
 3333 1254362,209724   nnnn xyyx

 

15 19243 22  XY  
 3223 15209,18113   nnnn yyyy
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Employing linear combination among the solutions of (1), one may generate integer solutions for other choices of 

parabolas which are presented in table 3 below: 

 
Table 3: Parabola 

S.NO Parabola (X,Y) 

1 43 2  XY  
 262,4 222211   nnnn xyyx

 
2 1634 2  XY  

 213,15 223221   nnnn xxxx
 

3 3136356 2  XY  
 28181,209 224231   nnnn xxxx

 
4 

19637 2  XY  
 14902,52 223221   nnnn xyyx

 

5 37636397 2  XY  
 19412542,724 224231   nnnn xyyx

 
6 19637 2  XY  

 14626,154 322212   nnnn xyyx
 

7 
37636397 2  XY  

 1946362,2094 422213   nnnn xyyx
 

8 
483 2  XY  

 815,13 322212   nnnn yyyy
 

9 940842 2  XY  
 112209,181 422213   nnnn yyyy

 
10 

1634 2  XY  
 218113,15209 324232   nnnn xxxx

 

11 
43 2  XY  

 29026,1552 323222   nnnn xyyx
 

12 19637 2  XY  
 14125426,15724 324232   nnnn xyyx

 
13 

19637 2  XY  
 1490362,20452 423223   nnnn xyyx

 
14 

43 2  XY  
 21254362,209724 424233   nnnn xyyx

 
15 

483 2  XY  
 815209,18113 423223   nnnn yyyy

 
 

Some special cases of the solutions are given below. 

       21,3

2

,3

2

,3

62

1,3

10 4108   xyyxxy tttPtP
 

       21,3

2

,3

2

1,3

102

,3

6 4129   yxyxxy tttPtP
 

         222,3

2

,3

2

,3

24

1

2

22,3

10 4612   xyyxxy tttPtP
 

       222,3

2

,3

2

22,3

102

,3

8

1 41236   yxyxxy tttPtP
 

        21,3

2

22,3

2

1,3

8

1

2

22,3

6 436129   yxyxxy tttPtP
 

           2
22,3

2

1,3

2

22,3

232

1,3

24

1 43126   yxyxxy tttPtP
 

 

V. CONCLUSION 

In this paper, we have presented infinitely many integer solutions for the  positive Pell Equations
412 22  xy

As 

the binary quadratic Diophantine equations  are rich in variety, one may search for the other choices of  Pell 

Equations and determine their integer solutions along with suitable properties. 
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